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Free Vibration of Unidirectional Composite
Cylindrical Helical Springs with Rectangular
Cross-section

HAO Ying, YU Aimin
(College of Aerospace Engineering and Applied Mechanics, Tongji
University. Shanghai 200092, China)

Abstract: The naturally curved and twisted beam theory was
applied to the beams for anisotropic materials, and an
analytical expression for the warping function of Saint-
Venant’ s torsion of unidirectional composite bars with
rectangular cross-section was obtained. Then, the differential
equations of motion for unidirectional composite cylindrical
helical springs with noncircular cross-sections, which consist
of 14 first order partial differential equations, were further
derived. In the formulation, the warping effect upon natural
frequencies and vibration mode shapes was first studied in

addition to considering the rotary inertia, the shear and axial
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deformation effects. Improved Riccati transfer matrix method
was introduced to solve the free vibration differential
equations of the springs which presented a strong rigidity.
Calculation results show that, for unidirectional composite
cylindrical helical springs with rectangular cross-section, the
warping deformation has a significant influence on the free
vibration characteristics of such springs, which should be
considered in the free vibration analysis. Finally, the effects
of various parameters on the natural frequencies of the springs

were investigated.

Key words: anisotropy; rectangular cross-section; cylindrical

helical spring; warping deformation; natural frequency
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Fig.1 Geometry of naturally curved and twisted
beams for anisotropic materials
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Fig.2 Schematic diagram of unidirectional composite
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Fig.3 Geometry of a typical cylindrical helical spring
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Tab. 1 The warping effect on frequencies of
unidirectional composite cylindrical helical
springs with rectangular cross-section
N AR
s AR - o . gy
Wk ok N & AN s g % et
il B2/ % 2| B2/ %
1 353. 54 512. 80 45. 05 358. 21 1. 32
2 677.19 981. 32 44,91 687. 63 1. 54
3 789. 86 1117.87 41.53 805. 74 2.01
4 883. 95 1 200. 09 35.76 903. 08 2.16
5 942. 96 1 357.22 43.93 958. 56 1. 65
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Tab.2 The effect of the aspect ratio on frequencies Hz
DS a/b=3/5 a/b=4/5 a/b=5/4 a/b=5/3
ik A IR IC# AR A PR ICH#H AR A PR TCi AR A PR ITiR A
1 491. 85 493. 21 576. 83 564. 26 598. 98 596. 11 495. 38 492. 17
2 948. 63 950. 35 1128.03 1 087. 43 1 154.01 1 149. 30 953. 21 948. 56
3 1 109. 70 1 091. 80 1 312. 61 1 261. 22 1343.74 1335.79 1110.11 1 107. 48
4 1 205. 32 1176. 69 1 415. 42 1 379. 85 1 470. 64 1 466. 25 1 226. 34 1 229. 04
5 1342.74 1 332.57 1 601. 16 1 527. 69 1622.03 1611. 31 1 334.63 1 327.90
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Tab.3 The effect of the radius of cylinder on frequencies

Hz

DS R=4.0 mm R=5.0 mm R=6.0 mm R=8.0 mm R=10.0 mm
B AT AR AROTW AR AR RSOR | ARUOR AR HEOTR AW
1 774. 00 770. 11 495, 38 492. 17 342. 50 342. 34 185. 15 192. 55 123. 07 123. 25
2 1489.83 1481.76 953. 21 948. 56 659. 24 658. 91 350. 98 370. 67 237.03 237. 21
3 1731.61 1729.49 1110.14 1107.48 768. 73 769. 19 421. 71 432.17 276. 87 276.90
4 1911.79  1919.68 1 226.29 1229. 04 850. 97 853. 66 469. 29 480. 02 306. 08 307. 22
5 2084.67 2072.94 1334.57 1327.90 923. 41 921. 97 492. 59 518. 68 332. 42 331. 83
3.4 HBI4 mm. 3 5 FIE T n 0 ia) 525 AR I A [ AT 4R

A R=5.0 mm,n=4,2¢a=1.0 mm, 26=0. 6
mm, F 4 FE T o X ) A AR TE #0m B AT 5
TR 5L [ A3 1 5
3.5 Efi5

A R=5.0 mm,a =5",2a=1. 0 mm,2b=0. 6

IS4
o

JiE 5 45T A 0 A ) 5

4 iR

T B i) 525 BRI I [ A MR e L 2 1432 B



%123 B 5 PR S MR Y I R A S SR Y B RS 1875
x4 EERERRENZME
Tab.4 The effect of helix pitch angle on frequencies Hz
e a=4° a =5 a=6" a =8 a=10°
Bk A BRICH# A S A R ITif A Stk A PR IT RIS A BRICH# A S A R ITif A S
1 496. 68 494, 46 495, 38 492. 17 492. 28 491. 33 480. 46 486. 34 477. 49 480. 91
2 955. 46 951. 27 953. 21 948. 56 946. 72 944. 61 836. 41 929. 55 820. 30 847.15
3 1 156. 08 1152.17 1110. 14 1107. 48 1 053. 27 1 055. 88 918. 50 947. 88 823.73 857. 67
4 1 291. 66 1 289. 358 1 226. 32 1 229. 04 1 142. 89 1 155.75 979. 04 1 009. 48 923. 50 936. 17
) 1 348. 43 1 342. 55 1 334. 56 1327.90 1 316. 53 1 316. 45 1 266. 64 1282. 31 1 250. 03 1 253.62
*5 AMBHMEEMEMNZI
Tab.5 The effect of helix coil number on frequencies Hz
e n=2 n=4 n=>6 n=2_8
Bk A BRICH# A S A PR ICH% A S Ak A PR ITiR A S A PR ITiR A S
1 959. 34 956. 67 495. 38 492. 17 331. 22 330. 01 248. 80 247.75
2 1 758. 40 1786. 51 953. 21 948. 56 652. 26 649. 87 445,78 450. 69
3 2 881. 89 3098. 11 1110.13 1107. 48 693. 89 699. 10 447,73 453. 51
4 3932.63 4 216. 64 1226. 34 1229.04 714. 97 721.13 494. 36 492. 44
) 4 165. 71 4 599. 87 1 334.58 1327.90 955. 92 952. 68 730.12 727. 34
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