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Mixed Finite Element Method for Elastic

Problems of Composite Materials with

Small Period

HAO Ying*, SONG Shicang?

(1. College of Aerospace Engineering and Applied Mechanics, Tongji
University, Shanghai 200092, China; 2. Department of Mathematics,
Zhengzhou University, Zhengzhou 450052, China)

Abstract: Based on the multi-scale asymptotic expansion, a
mixed finite element method is discussed on anisotropic
meshes. The method involves homogenization theory in small
periodic elastic structure of composite materials. The error
estimates in L? —norm for displacement vector and H(div)-
norm for strain tensor are derived. Relieving regularity
assumption, this element is more practical. Finally, the

numerical results validate the theoretical analysis.

Key words: elastic problems; homogenized equations;

anisotropic; mixed finite element

JEUS S5 BB S T 27 TR (e Ky B
U ORI 7 R 1) T AL ) A

ks H . 2008 - 09 - 26

aip(Apk(f)a'g;f))z f ol

u(x) =0 ol

Hri Ay (/e dEn X n R, 4 €= /e, Hot
S @pk.i_;‘(s);éﬂ: & 2Ll jﬁ%%ﬁﬂ"];us (x) =
CUea () s () sy, (o) A7 885 ] &
fCo) =fiCae), foCa) - o Co JBIRF T 51 1)
. T E GBI A BRI Z1RE G . 24 0<e<<1
AEH /N Ay Ce/e) R IC R A4 AR 00 5L 72 1T
BE N 0T NS i AR gE i A BR oG i
PRI A A i 1 L X 3 B e K R i wfE LA S B
Oleinik O A 58 A5 T35 . WH9E T 52 & Mokl
PESEFY IR 2 07 T BE S A AU A & A MR
PEZE R B R EOR M EE M 5, (RS e 1 At 22 1)
N 3SR ) Jr AR Ak 5ok AL R 2 VR
A KBE AT S S A5 3 TR SR I 2 B (53] [
Al T 1) B o8 4 22 RUBE R JF =0 DA K i A 38
TR AT RS AR (B 45 SR I . 22 RUBE Wk 4y
B T fif R SR 0 A2 G AR ) R 40 A A0

BEXFIRIRE (L) o 42 42 2 78 SCHR L2 48 Hh 1n) R i fi
)3, A DAHDSUR BRI

w. () = u(x) + >,e' > N, (&) Duy(a)

=1 [al =1

oV

(2)
s N (S mg Cood 53551 Sy Aol B Jo 93 ] 38 A 2495 £
[ R %
Bt () =u () + X! 3 N, (O Douy (),
A
lu. o) —u ol < CeHulizg D
2 s =2k, Bl 2 TR R AT 2. L, 40
RSB BRIC T Bk wg Cod s 75 1 2253 U5 BoR

FBIUH - [FR A AP LG A BT H (90405016) 5 [6] 58 ARk 2 5 6 21 K BT By 3T H (10590353) 5 [8 58 1 S4Bl 3 42 ¢ By 0t H

(10771198)
YEHFEIA 2 A
E-mail: haohao517112(@ tom. com

FL979—) A R T EREFE TS 1) A RS ) R 0 3l Jy 2 (R 2 () R B A BROC 7



#1M

B NI E B MRS IR & A BROT 5 55

Vg Coe) s b 22 FEAIR Yy Cao) RS BE , RIS IR V-
Vu, Co) KO KGR, b TR S EEWE T
— B TR A oA R S I ), A A TR AR DT
T A8 A>3 TR e [ B SR A o Cao) 1 Vg (o) s ZEPRTIE
uy Coo) A — R BE 1 ) s, J 6 2 8 Vg o) (19 3
B EAT v R W2 R A ook HE /N R T A 4 R
S [P AY SCRE . ) 25 th R BUE S5 R ik T Fe
G3HT I IE B . 22 W% Ge A BR IT 20 B vh BT ARt vy T
PEEAF GRI A6 A2 1 1IE PR ) AL B2

1 BTHE

e T o Q WA o — BRI K
b s N Caog s yi) > sy J5 8 93K 43 030
2N 2Ry s 00 AN — 2 L IE MR SR FRIE b=

b &%k K=[-1,1]x

maxmax{ Res hy)
KelJ,

[—1.1734 TiA AR ARIK IR R e ay (— 1,
-1), aj(l 1), a4(—1 1);4 3

-1, &2<1,

SURTREI R

(lz‘,@i,ﬂ((ls: @1)9i:1,2,3,4.

EX
QE(IA{) = span{1,§.79,8*,69,9*,89,89*} (4)
317 Vo€ HX(K) fifi—py In €
Qs (K fif8xt i=1,2,3,4.4
Incan = dCan

(L fpad = 1, bad
A

N)

11
o |1 Rl k.
5|3 2% Q, WIS T 3 J2 2% 101 S P 4
(HARAE, BN Z E 4845 | B = 1, fEEH 3L O, {45 XF
Voe HX(K) . 4
| DP (o - I oz < C| D12
XHEEIEHIE CYER—DS5h Khg/
Ok JCF I H B ASE ) 0 7 v PABUAS [R] A E.

i

B4 T F| — AT BB N Fr @ K~K
x = x, + h.6
(5)
Y=Y+ hyy
X 73 [8]
H = {¢ = (¢)ij = (¢11¢2)T S LZ(Q)zxz’

diV¢ c L*(Q),}

M - {V = (vlvvg)rr e LZ(Q)ZaV

le = {d’/z (¢]Z)LJT$‘E]ﬁFE{
E’%ﬁ%‘ﬁ"ﬁjﬁﬁ((ﬁh)ij K"Ff{ €Q: XQy )

M, = {w = (vhlvvhz)T‘K € Py (K)?*)

HH,CCo( Q). FHER TR ITLET
HY'(K)* 2, )\ H,CH. B8k, XA M, CM. LA,
Hj My, XFF 2 B o] R 2 P oo s [A].

2
Il = D185 +
ij=1
E ARG HSA
I, H*(2)3; — Hy

=0}
AR ELIE]

| divey [ + [ divep. |13

L. =1Ix. Ixg = (Ip) - F&

2 RBAZESEARIREM T

L& LB DU /N A IS A BRI S I

R S R ek
f6) ou(x)
— A — h
aacp< "oy )= s al (6)
u(x) =0 oN
BN SRR (6) R i 250 5] A
Ay 2 a2,
oOX oX oXy
Q= Apk Vu = 5 = 5
u ou u
Ay — Ay — + Ay ——
2k our 21 on; 22 oy
D)
N J7FE(6) 7 Ky
div(e) =
9 =1 (8)
Qo = Ay Vuf
All AIZ} Bll BIZ
oa [ Sgan- [ 2] mx
< [AZI AZZ BZI BZZ
2 X 21 BT, Hoh 2
_1 Ay AIZJ {Bu Blz}
AA = =
Ay Ap) By By

AnBy + ApBy
AuBy + ApBy
E 0
. 2

AuB,;; + AlszzJ
An By, + Ay By




56 CIR N

S ARCH 2R B 22 O

% 38 &

seboe= (o= () v

FE3 () 5 3 Wi [R] IR L A1 ¢, V @€
H’ﬁ
O0A 1= AVuA'¢p =
ou ou

Ay — +Ap —
oxy oy (B11¢1 + B12¢2) B
ou fo] B + By @,
Ay + Ay u z1¢1 zz¢z
axl ax
ou
<A11 f +Ap — S )(Bud)l + B¢ +
X1
ou
<A21 - + Ay — S )(Bz1¢1 + Bu¢,) =
X1

(An By, + Alezl) ¢1 + (Ay By, +

ou ou
Ay Bs) 7¢z + (ApBy + ApBs) 87¢1 +

Lo

(An By, + A21Bzz) ¢
[SE

M A E LU S A BRERRIE R X AR
H Green 230 FF4E @ _ERUR W] B2

| ai’ludx_JQ P g = - Jnudiv dd (9)

2 90X, oxy
FI LA HRE () IEMIE
alg.¢) + big.u) =0, V& H|
bip.v) = F(», Vve M/
A :a(@.¢) = a0 A 1pda, b(p.u) = [ qudiveda;
F(v) = |,fvde.
FE1 RAZ5 RS 10)H ME—fF (p.u) €
(HXM).
B EEEUE a (-,
divgp = 0} Hrsmifil. Xf Vo€ Z.

() = o1 gr = € gan =

c[] graw+ | caivgran]= clgly

IR D C e o« W R LR B-B A& AF. X
VVGLZ(.Q)29H3

- Aw =V

10

“)TE Z={¢€ H;

Q|
w=0 20/
HME— 1 SR we Hy (Q)yy I IE W PES, 158 3

a1y

— Wi, - Wy

Z..,\r] GH’/{jﬂiﬁg

— Wa,y

HW“2<C”VH0-EX (0

T Wiy

diV(po = VG Msm”ﬁ

loolln < Clgoll < Cllwl. < Clivlly

2
sup blp-w) _ bignm) ﬂvIIU
voct oy = lola = Clvl,

HOE SR B-B 2T 8 FATHIE.
AR A3 TR C10) [ BOE Xk

anCQys @) + by u) =0,
biy(@u,vy) = F(v,),

= Blvlo

Yo, € th
Vv, € M, f
12)

XHa,(@u.dy) = %L(P11A71¢/1d90a b (¢usup)
%}Lu 5 div ¢ du.

EIR2  BIHLINE (12) 4G ME—f# (@u s uy) €
(H, XM,).

IERR XTI E LA EE . Uk Ve €
(H*C Q)22

b(p—I,@,v,) = EJthdiv((p - Lp)dx =

K

ZJaKVh((P - I,,(p)nds - ZK:JK VV/L((P -

K
Lip)dx = Zv;,j (@
K oK

”Ih(PHl < H(P_ I/:‘PHI + ”(PHl <

lol1 + [l < Clol,
By € (H? (Q2))sxs, 115 divey = v, € M, CM,
ES)

by (@sv) = ZJthdiV((pn)dx = vl

- 11,([))” ds =0

K
blz ((Ph s Vi ) > sup blz (III(P?VIL)
Ve, €Hy ” (0] H H Y @€ (HA (D), H Ih(DH H
bl s Vh bl *Vh
sup /((PV1)>C sup 1((pV1)/
Vo€ (H (D)yyy [ I/z‘PHl Y @€ (HA (D)), I (P||1
2
Cblz ((PO 9Vlz) > C ” Vi ”U 2 ‘8” V” .
el Il o
BT LA BSHER B-B 254 0T » A AARIE
FH 7S BIA S F 22518
EIE 3 ML (10) A E—fF (@ u) €

(H X M) v%ﬁﬁl‘ﬂ@(lz)ﬁuﬁ—%<¢h sUj ) 6 (Hh X
MO JCIEE 32 5 A R 25 80 T £
I

uy H M X

lo = @ilu+lu- < Chel:+ ul
3 HERSL
T BEA 7 ok Y T3 LR (L) R S 4.



%1 yi

B 45 NI A PR RS AR & A BROT 5 57

Hep, 0 = [0, 1] x [0, 1], Ay BN A7 5 f =
(—27%sin(x, ©)sin(w, ¥), —2y(1— y) — 20 (1 —
DT A PLESE, EAE N u = (sin(x, x)sin(w, ¥)
yA—ya@d— o) H o FREELH.

b IRy EIE S o B i o i ! LT

Tim A RIA% L 8 1 TCE 1) % 1 g %dls BoR A
FIVE RO O P R 2245 R AT LA . 2 h—>0

i

H Wy — Up,a ”0 ’ ” Uz = Un,2 ”u, H‘Pl T Q. Hdiv,

H 02~ Q.2 H aiv s IS F IR ZZ B o Cho) . 35X A H TH]
IR o A 45 R o8 & — 3

1.0
09
0.8
0.7F
0.6
> 0.5
0.4r
0.3
0.2
0.1r

0

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0
x

Bl HEREMEES4%x32
Fig.1 Anisotropic mesh 4 X 32

*x1 EBELR
Tab.1 Approximation results
. Pk E1 53
FieR e p o a
2x16 4 %32 8% 64
[ 21 = wnallo 0.079 448 313 790 0.043 049 670 790 0.021 953 169 220 0.971 572 978 8

Iz = wnzllo
|| Q17 Q.1 H div
I @2 = @n.2 Il

0.005 370 304 553
1.284 634 408 000
0.092 043 503 310

0.002 871 292 365
0.695 589 481 800
0.049 566 669 920

0.001 463 488 651
0.354 631 508 600
0.025 283 180 130

0.971 915 393 7
0.972 288 680 2
0.971 192 398 5

5% 3k

[1]

(2]

(3]

[4]

Oleinik O A,Shamaev A V, Yosifian G A. Mathematical problems
in elasticity and hom-genization[ M ]. Amsterdan:[s.n. ], 1992.

HALHE AR R R SR 25 bRk 00 1 205 A ) SOURL E ¥ 38k 43 BT
(T W PR 241, 1999, 22(1) : 38.

CAO Liqun, CUI Junzhi. The two-scale asymptotic analysis for
elastic structures of composite materials with only including
entirely basic configuration[ J ]. Acta Mathematicae Applicatae
Sinica, 1999,22(1) . 38.

CuiJ Z.Yang H Y. A dual coupled method for boundary value
problem of PDE with coefficients of small period[]]. Journal of
Computational Mathematics,1996,14(2) ;. 159.

REGAERE XOE. EEMEHRERME S8 2 RETTR
g — AR [T ] 0 %2 . 2005, 18(4) . 560.

(5]

(6]

SONG Shicang, CUI Junzhi, LIU Hongsheng. A new model of
multiscale computation for steady heat transfer equation of
composite materials [ J ]. Mathematica Applicata, 2005, 18
(4) :560.

XUGERT X &0, Al 8 . BAT IR 5 REC I IRDE O R i
XURBE ok B2 0] RGBS 8%, 2005, 25(4) 471,

LIU Xiaoqi, LIU Jinchao. ZHU Qiding. High accuracy algorithm
for second order elliptic problem with rough periodic coefficients
[J]. Journal of Systems Science and Mathematical Sciences.,
2005,25(4) :471.

KA BRAH. — & 1) S 4 (8 3 5 FCAE B [ BUIR &
ST R LY. @ AR 24, 2004, 26 (3) : 230.
SONG Shicang, CHEN Shaochun. An anisotropic interpolate
theorem and its applications to the mixed form of second order
elliptic problem [ J ]. Numerical Mathematics: A Journal of
Chinese Universities,2004,26(3) :230.





