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Shape Optimization of Cable Net by
Euler Coordinates Form-finding Method
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Abstract: Based on the assumption of no bending
moment, taking the node coordinates as the parameters
to be determined, a numerical algorithm suitable for the
form-finding of cable-net, i. e., Euler coordinates form-
finding method, was proposed to establish the Euler
space coordinate system. Taking the axial force and rod
length as unknown parameters, the equilibrium iteration
matrix of the structural node coordinates and axial force
was directly established according to the mechanical
properties and balance conditions of the rod element. A
case study shows that the Euler coordinates form-finding

method can adapt to various types of cable net structure

optimization, with good robustness and stable
convergence.
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Fig.1 Schematic diagram of spatial rod element

TEAFR AR CAA SO T & AR AT SR IT
A, T 0 7 2Z T TSR A — 2 1) = PREOC R o
WA, ZE A A o i R AR A R Sk e, %
T Z 455 BT S R RAAE Y

ZATFHRITI ] RoR A -

Li=(x;—x)i+(y,—y)jt+(z;—=z)k (1
K A RTT I & i e 53R 34T ) A PR
[

BEE M IF 5 S0 1 0 1 A5 PR — 2L
PIZHRIE . RS EROT - nT DAAS3 ) 5 AR BRIT)
KR, WFPIR:

F{IZ%<I]7xt')9FjI:7FL1’
ij
N,
Fiy:T_]<yj_yf)’Fﬁv:_Fw
ij
F Z%(z,*z,) F.=—F
ij

@)
AN D5 L, PR S e B B ] LAAR 2 L
RGP A AT



1416 [/ 3% K 27 22 WA KB 22 i) 5550 ¥
Ey 10 0 1 0 0] Ey —~11 0 0 0 0]%
E, 0 —10 0 1 0 ||¥ Ey 1 =10 0 0 0%
Fil _N;J 000 =10 0 1= fF] Ny 0 0 —=11 0 0|y 3
Fol L1 0 0—10 0| F,20 L]0 0 1 —-10 0|
F; O 1 0 0 —1 0 |ly F. 0O 0 0 0 —1 1 |z
F, L0 0 1 0 O—l_z]. F, L0 0 O O 1—1_z].
TEFT KR AR S B0 T L 7T LA P32 o7 2 K=(K,. K, K.) 9)
IV S B PRSI EDSRA AN Y o o i o (TR P AW SEL U KK'=K'K=K'K,+K'K, +K'K. (10)
—1 1 0 0 0 0] 1 1 X
1 —1 0 O 0 O EH"‘K"‘KHZE(XT, YLZODK'K| Y |=
Kk—|0 0—-11 0 0 z
0O 0 1 —1 0 O 1 1 1
00 0 1 —1 1 SXKIK X+ Y KIKY +5 Z'KIK.Z (1))
L0 0 0 0 1 —1 b 47 2 HU S /M B )R, T LS S X 2,y 2
H=(x0 73, 30 35253, sk S fepte, 4T R R
P=(Fu, Fyu Fi Fiy Fi Fy) ary) 1o et
KL X ZEXZX K'K,=X"'K/K.=0
PZQUKH (4) a(lll> J— 1 T T J— T T N
o g, h VR L SN K 0l B oy 2 FV RAEYIKSO
N,-]»/Zl-j:ql-jo 8(ZTZ) :l T KK — 7K K. — 0
1.3 HHEKERNMREFE z 2
ST R 1 B 2 A T3t A 1 — 91 7 95 (12)
o TERE S EHRIRAST S5 M 11 SAFCEK R AT AIFR
H B 35 2 P 2 H 1 2R B3 | A5 X
ZEFRTA MK B /N B bR . T LR R, SR K 5 K'K|\Y|=K'KH=0—>
RS AR i) (TR 2 7% AR 1 2 IR 7 34 Ak b z
B E KH=0—=/"l—min (13)
RPN Rl HEA(4) 5 (13) BT A B, S M BE
PRGBS BH =) v M AT L G B L AR () 1 g, =
. z N, /L= 1,9 FL B P=0, Pt 5 2 Sy
H=| Y| =202, 909,22 sy BN AR Sy S 1 M
7 S AT LA T A s 1 TS 1 - 7 ook e
X I F 75 0 A 2 AT 2 0 7 K R N .
KH—KM Schek 2 1 77 %5 B 1L S5 B A0 4536 5 ORI
z T T IR A A T 1k 1 B S R 2

(‘Tj T XX T X YT Vs Vi T ViR T Rk T R )1(6)

%H"‘K“KH:( x—x; ) H(y,—y, Pz — 22D
WA A BE ) ik £, W B A E Ay
["=(z,— 2, +(y,—y,) (2, — 2, ) =

1 1 X
SHKKH = (X', ZOK'K| Y| (8)
z

XEFRARE K =885 4L, BV K, K, K., i F
iR

X T — e B AR L, AT LKA BESF- 7 A .
BB TR g = Neon/ Ly, Ho N WESFIRTAH:
7, AT DAE & DU R RS B B /MRS
Jr:

["Gl= N_ /" min 14)
Kb G ), HH A SLoC AR 4 A
1.4 HEKEKX

O@2 M HF LT3 34T 45, 2577 i Ry 3 [w]

W FMRE(3) RIS S5 5 L G R ST



o510 1 X1

i, 4 R PSSR AL bR AR T

1417

WA A7 . TR, 2 A HF T T LG

LS B K R T 0 PR AR . 4 44
Y ik

mmuzaza,mua@%w{z ! Z&@}E

C]zlezcz)

(lzkg

sz%
2k
QI SIEE ey vz Koy oo s Ry sy W JEEREL
(557ve 8

DA S5 101, 20 A S A A R A
Ji7

},EEP @ FROHITH N, ¢ %R

SRl , AL BT AT A8 s BT P A s U B T
DIE LS A1 35 AR B K e AR R, P
AR T B — BB (5 (n — 1) B BoO A%k
FIFAC BE /Y B, AT L3RR N Ko (N, 10, 1), H
HONL - R (e — 1) B BERY B D 1 L L, 5
(n— 1) BBy B o) o . AR B2 AR, mT LA 5
HEER o BT BOREAS Y A S AR R A R R
Bz

Pt =Ko N, 1,0, 1) Houn (16)

T P NESHE ST 2 0 15 H, D55 n BT

ApFR I i RO ERICR 5 RKE RS ITER D
bS]

Nypwor= J(Fon P (Far s P (Fry P AT

Q1[3?1) QIkg 0
C]lkzgf Q1/320;+92kg§ q2/€§‘§‘ (15
0 sz% QZ/Q:%
Zij,iz 1 :«/( xi.n 1 _xf,n 1 )2+(yi,n

KA MK A H Fo 1 Fo 1 Frw 1 3 0RE
(n— 1) BBt i it BFF U T 5200 01 Vi 1o 1 T s
Vin 13 Zjw SR EE (n— 1) By B i j 2 AL A
Ly 1Ny N FRIEAES (0 — 1) Y BT 22 1Y
BT 53T .
1.5 PEAEMERKREEYE

(WG SE R E

RIHL AR BRARTE AT G S50 B Rl 43k 2 % - O
SEFFAEAE i N A AR R Ol R A
N, =N, L/, KBR300 B QRS
UG VRRERTF % R, AR R R INIIE G 119 B AT

(2) i1 R A b 2R

PRI Ay AT A R 1 A B AR b, TR 2
FRITH RIS, T LAAE 5 TG AR R X AT Y
SABARIS TaRIn ARS A TARBE . SR F 0T AR

erZZ((x,-,,, —x,-‘nfl)z +(y,-,,, —yi,,,fl)z + (2, —zi,,,fl)z)g 1076

AR U IEACE Ae y ARAR AN K
AR
1.6 BRILAARIRTIERRIE

BACHE A AR A T B A% R AR B AR AR A 2R
W, F2 IRFT BTG ) 27 R R B L1y s A B AT
s 3 AP B AR R A b4 3 7 )P s AR
R FCAS AL G LR -1 0 ™ ) A FROC K BE AR R
o A B 2T SR A HEABUSG R 38 LA 25 1, e IR AL
U - 5 AREL I, DA TS S B AR A 5 e 1) 2
PR A ATIAR JEUIUR T Matlab 202 il >R fige
J¥ AR IR AR AN AL 2 iR

17 Vi 1)2+(Z,'.,z 17 Zjn 1)2 (18
2, %k T AT A7 25 AR [ 26 S LR R A AR AR
U, 5865 i AP )5 /R

S U+ kU4 S kU—=P,
j=1

j=m+1

(19

A e F o WIS R AR L 5 P oA g 2 YOG
FEHE RS A T FE— KB D, IR BB B Ay 2800 114
T3 AT R B, S5 75 R

m—1 n
2 k#[]j+<kl'/7l+D)U/11+ 2 kljU}':DU; (20)
i—1 j=m+1

T RED BRI, /IR 2 U, ~ U, Nk
B AL AR A AP AR AT R P

() WS AR S

5 1R IR 2 e B A TR ISR
ST E— R ACR BEAY 3T7 0] AR AR 22 F-J5 Ml e, /)N
T 1070, AT FR -

QD

2 MA

RAL AR AR AR I AT PF S R R BE Hh &
LERIIR GEY L AR IR Y RS d T AR (SR ST o
SR ISR AUR 2, TSR B RS T
MRAGEIIEES . WA MR AR R 2,
HIE A0 e ol B —Bh 32 SRR . ARy R
Xof AR AR IR AL HEAT B , XIS RIS SR
ISR SR ATIIEE , LAUE ] RICHE AR BR 4R B 1219

i
2.1 ZEHEHNRNERESKRR

FE 1. 3719 A A, 4 5Mr 80 % 52 R



1418 [l o K 2 2 MCH 9K BE 2% O

1@#’

TS B
v
HARTK RN
(HEEHN),
TR A
!
ARAE A A 5 71T
AR
T v
iy YL 24 1 T i o SRFASH 58
m=ﬂ£; %ﬁ?@ fead
} RAE-F-1
iUk s L] ,%g%%
ﬁﬁ,f%ﬁﬁ Wi AR
i
FEH 0SB
RFTLIR EER
Y
s

B2 BERALAFRIETE R
Fig.2 Flow chart of Euler coordinates form-finding
method

FEAA T AR RIS AP S e/ N o TR, B
FEHE R AN TR AR, R IS R R A AL
RIFIH — MRk 22 , LI il — 4 T PR S 1O R
I, AN R Z R AR B B e, A
W7 S AR TP 2=, R ) B e A 3R T 5K ) A
FH R 502335 2 fe/IMEL, T AT 52 F5E Py 22 30 % ot T T2 R
VR EA /N . H RTEA AT H AR
it A A B Lt T e 2t T AN Scherk i,
AT7 ] LUMESERDIE B 3R 3 it

BB I BCF AT N coshz = /(2" + 7).
VEEUN & 3a Fr 7 IR0 bR 45 44, 1 B8 A2 42 4500 5.
&l 3b s 1 2 g B 1 kAR SR, A v BT A A4
B 18R 1o I 3b i LU H , I &5 48 v [R] 2540
FUE PR B LT o E . SR (22 ] A AR
G2 1 RS T W 3d s B ZE R, 948 Bk
AT BRI AT 52 AN [A] e BE AT
1152 F3ER, DRI Ak e A ol T A T I 2 H
1., 3 R 2 iR 2 (kAR Es I AT R
TR —3, &R 1o B 3cJBR S k[ 22 ] vh
TV E R G R — B, S FHIX R AT 32 ) R
T, WRBE S SCHR 22 [ Y458

|

i
[

¢ B2 iR HIA ARG R

d NEEEREINGR
E3 BfEkim

Fig.3 Catenary curved surface

Tr=usinv
e 2 il 1 A U2 SRR IR U y=wcos v,
T=v

u=[0,5],0v=[0,2r |, BEIURFELAE JE e,
FEEEIT R 20403 , MR B2 BN 1] da 7R 1) A% - [
Ab P 2 R 1 AR AR, WAE e T R
A 1, NG A BN B, A% Tl SRR
P ARSI A IR TR AE AR B 2, Sk 7]
R T % R R AR 20 P8 TR TR R 4 il v (DL
4e) JEAR SR 4b FEAR 5L,

b K2 AR AL R

S3
S4

a YlhaEH
S2

S1
¢ EEHEBEIGR

E4 1ERELHE
Fig.4 Spiral surface

COoS axr

In

Scherk ) 7 F0 25022 i 17 58 = = ,
a cosay
a=0.98. PTG N 20 5 , v e e



o510 1 X1

A R T AL AR R TE 12 1419

Sa JIr7s W%, e Scherk T 1 G A A [ 52 101 5
P 5b o P 2 Frft A 1 AGIRARAE R, A% o B AT 0
FITIHR N 1o TSRS BORRER , DA% AR T [l
B G RARAT B, RIR ORI A1 P 2
e 2 A IEAREE AN S o , WA g8 BE AR R], AT
oA EAY iR AR O S, SCRk[ 22 ] )
FER ] 2 P k3 AR A B Scherk i TAT, 4 ] 5d 1]
Se [z, 18 5d Al AR T, 18] Se 2 s BEEARTA] o 14
5d.e F15b.c IR FEA — B, Bl T AT LA

2.2 JHHbYIE

R T 20 U AR Ty ) A A P RS A
USSR o B LA R A T A R S, R
il s S80S AR SR R SR (22 ] &,
IE BT A R 10, ST 5 2R 50 WIIR A% 4n
l 6a [T/ , HF- T3 5 & 6b B2 RLIUEB 43 TR o
P 2 Fhi i LRk RS AN &l 6¢ PR , e #1147
1, RS S A A)  EGUE T M2 Y AR TR
1. M 6b P B A2 v LLE Y, A% ) I
A8, X8 PR AR A NS, Al A 1) X £ 2 A 7%
I BT 5 300 R A D % P S B A

a WIUGEEH

b ERFFREIMENLER o B2PREIEASR

d NEEERZINER
(Hh 1M

e NERERIINER
(@K% 15))

5 Scherk HiTH
Fig.5 Scherk’s surface

a WIUREEH

b Ea. cHIREXTH

¢ ERPRBIIERER

6 XU E
Fig.6 Hyperbolic paraboloids surface

2.3 DEEMEKRE

L B TR TR DA S 880 R 4 T AH [
EJ I 10, WG A& Qi &l 7a iR . i1 5t
SR W AR 5 B BSR, S5 AN e . B 2 i
ARG R 7b s, BT A AR o 1, 5
BIE M AR . B A e BT 0P T AR L
ATLLVE Y, S I FR A1, A 34 5) . R Z
BTy VAL g A NI S (T S R A e e C A L -
T 4 [ 20 A4
2.4 HREHHFM

K 3 44 18 0 A T i i A S 49 R DL

R I) A A ] 732 PR R AN TR] B4 30 B 2 HE AN )
MPEAEEs R . o T — PRI R AR THRER
TELERAREN , 8RS T A ] 64 F i R A%
Fe R I SR B B 3 A P B 295 TR 2 R
P 1AEACEE R ANIE 8a I, IR ATE 1 9 1 i
I 8b It 7 BV 52 1] LU BEOA 2R
DA [ AR 2, 3 2 ] A S LR [l i
SE AL TR WA W o AR 350 o DA/ T TS
(s T L Y 30 524 SR 2 5 J] L I A% 44 JBE
ORISR

RRHL AR IE 0] ATE L RS P i 5 — kAl



1420 [l o K 2 2 MCH 9K BE 2% O

% 50 %

a VUGS

b ER2HRRREHER LR

¢ EbrIK-FH#

E7 DM@
Fig.7 Saddle-shaped surface

a ER2HRRRHERLSR

b EafiK PR

B8 MeEERNDEFME
Fig.8 Four-point fixed saddle-shaped surface

BRERICAEL, 10 7 % B vk BB BIR AR I8 5 il , DR R R A
PR RIE L RATRR IS . 2% 1 ani&l 6 Frs iy XL
Ay T, 32 50 AR Rl 3 2R DR ANAE RS- 1
A I SE B SE WA AL AL e v AN S B F AR
P 2 i T AYIEARES SR AN IET 9 i, =4 IR
AR I HA B RIS N 23, XU T AT ik
i A B ) PR

a BR2HRAR SRR
E9 FEALHREER I E

Fig.9 Surface of restricted plane coordinates

b EaffiK-FH

2.5 MIEXHHIR M

VEBUREZE N I, >R F = MIE Mg Rl 43, Hor 2
BRI da S0 IA], 85 R an K 10a iR . B 2 e
1 IEACEE SR a0 & 10b iR, #-0F  EAa TR . K

10b 55 [ 4b FH IR , D5 ik R A Rl 23 %6 T 4RI 45 R JC ]
R

b F2HREIRIERER
= fAF Mg R E L f

Fig.10 Spiral surface with triangle mesh

(1) BB NSRRI T IO 3R T e
FEARBEAS 196 A I JEE o/ Nl B B 5 R

)ARTTIEARLTALGE S 3 e, T A5 (s ek
AR B P 8 =R I HLE AR SR B 1
IR , WA E

(3) I T AR e A B IR A5 R Aok .
[l R a2 F , SO AR R A e e AR 4R
FEAR . R, A — B R — B0, i ALY
SRR TR AR RS AR I, s g iy FAR Y
M BR AR ER, Ti ELFF PR T /N R4S 3] 0 49 5
AN [ CAn a8 AR RN =1 A% ) B AR AN 23520
RARRILATR

{E& STmk A PR -
X AR I AR A
FEEMG S IR AR RN 18 SR E

S 3k :

(1] 250, & H R M PRI I g i) be e 5 404 7], 45
H,2002(1) :4.
YAN lJingtong, GAO Ri. Comparison and analysis between
two form-finding methods for cable net structures [J]. Steel
Construction, 2002(1) :4.

(2] BRI BREMHTRORTIH TR D] dbat iR,
2005.
CHENG Daye. Accurate element method for the analysis of
suspended cable structures [D]. Beijing: Tsinghua University,
2005.

[3] ISLER H. Concrete shells derived from experimental shapes
[J]. Structural Engineering International, 1994, 4(3):142.

[4] BLETZINGER K U, RAMM E. Structural optimization and
form finding of light weight structures [J].
Structures, 2001, 79(22/25) :2053.

Computers &



o510 1 X1

i, 4 R PSSR AL bR AR T

1421

(5]

(8]

[10]

[11]

RAMM E. Shape finding of concrete shell roofs[J]. Journal of
the International Association for Shell and Spatial Structures,
2004, 45(1):29.

SCHEK H J. The force density method for form finding and
computation of general networks [J]. Computer Methods in
Applied Mechanics and Engineering, 1974, 3(1):115.
PAULETTI R M O, PIMENTA P M. The natural force
density method for the shape finding of taut structures [J].
Computer Methods in Applied Mechanics and Engineering,
2008, 197(49/50) :4419.

JAVIER S, SERNA M N, MORER P. A multi-step force-
density method and surface-fitting approach for the preliminary
shape design of tensile structures [J]. Engineering Structures,
2007, 29(8) : 1966.

ZHANG J'Y, OHSAKI M. Adaptive force density method for
form-finding problem of tensegrity structures [J]. International
Journal of Solids and Structures, 2006, 43(18/19):5658.
ARGYRIS J H, ANGELOPOULOS T, BICHAT B. A
general method for the shape finding of lightweight tension
structures [J]. Computer Methods in Applied Mechanics and
Engineering, 1974, 3(1):135.

KOOHESTANI K. Nonlinear force density method for the
form-finding of minimal surface membrane structures [J].
Communications  in  Nonlinear ~ Science
Simulation, 2014, 19(6):2071.
LINKWITZ K. About formfinding of double-curved structures
[J]. Engineering Structures, 1999, 21(8):709.

DAY A S. An introduction to dynamic relaxation[J ]. Engineer,
1965,29(1): 218.

BARNES M R. Form-finding and analysis of prestressed nets

&.  Numerical

and membranes [J]. Computers &. Structures, 1988, 30
(3):685.
BARNES M R. Form finding and analysis of tension structures

by dynamic relaxation [J]. International Journal of Space

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Structures, 1999, 14(2):89.

CLOUGH R W . The finite element method in plane stress
analysis [C]// ASCE Conference on Electronic Computation.
[S.1.]: ASCE, 1960: 345-378.

JEE R ] s S AR L T Y T S S T[T ]
BT I15244,1997,14(1) : 108.

TANG Jianming,
element for nonlinear analysis of tensioned structures [J].
1997, 14

DONG Ming. Five-node isoparametric

Chinese Journal of Computational Mechanics,
(1):108.

W, JERUER . 2 A SIS ST IR SRS OT I [T ). SR A
24%,1994,15(3):17.

FAN Zhong, LONG Yuqiu. Spline element method for
structural analysis of tall buildings [J]. Journal of Building
Structures, 1994,15(3) :17.

FALTATRE . VB RO A R ST AL T ]
11,2003, 24(4) :454.

WANG Chunjiang, DONG Shilin. Force density form-finding
method and it’s computer realization [J]. Chinese Quarterly of
Mechanics, 2003, 24(4) : 454.

BEIL, SRR RMEA ) s B 0 — R RO [T, 58
IA145H49,2003,9(3) : 46.

LIAO Li, GUAN Fuling. A new approach of dispersion with
force density method in form-finding analysis of cable and
membrane structures[ J]. Spatial Structures, 2003, 9(3) :46.
R AR IR RS 19 B RIE S A v R A S b
PA[T]. 23 [E] 4544, 2002,8(2) : 38.

HAN Dajian, XU Qigong. Treatment of cable boundary in
form-finding analysis of tension membrane structure[J . Spatial
Structures, 2002,8(2) : 38.

VEENENDAAL D, BLOCK P. An overview and comparison
of structural form finding methods for general networks [J].
International Journal of Solids and Structures, 2012, 49(26) :
3741.



